The cosmological perturbations on a bouncing brane are studied. The brane is moving inside a Klebanov-Strassler throat where the infra-red region of the geometry is smoothly cut off. For an observer confined to the world-volume of the brane, this results in a non-singular bouncing mirage cosmology. We have calculated the scalar perturbations corresponding to the normal displacements of the brane. This is performed in the probe brane limit where the gravitational back-reaction of the brane on the bulk throat is absent. Our model provides a framework for studying the transfer of fluctuations from a contracting to an expanding phase. We find that the spectral index of the dominant mode of the metric fluctuation is un-changed, unlike what is obtained by gluing contracting to expanding Einstein universes with the help of the usual matching conditions. Assuming that the fluctuations start off in a vacuum state on sub-Hubble scales during the contracting phase, it is shown that the resulting spectral index n s on super-Hubble scales in the expanding phase has a large blue tilt. When the brane is moving slowly inside the throat and its kinetic energy is negligible compared to its rest mass, one finds n s = 3. For a fast-rolling brane with a large kinetic energy, the spectral index is n s = 2.3. This may put severe constraints on models of mirage cosmology.
I. INTRODUCTION
Recent cosmological observations provide an increasingly clear picture of the current structure of the universe on large scales [1] . The universe is spatially flat to high accuracy, the background cosmology is homogeneous and isotropic, and there is a superimposed spectrum of almost scale-invariant, nearly Gaussian, and nearly adiabatic cosmological fluctuations.
A viable theory of early universe cosmology must explain these observations. Inflationary cosmology [2] by far is the best model currently available which can explain these data. Furthermore, it successfully solves the flatness, homogeneity and horizon problems of Standard Big Bang (SBB) cosmology. On the other hand, current realizations of inflation are plagued by various conceptual problems [3] . Two of the problems which motivate this study are the presence of an initial singularity [4] which signals an incompleteness of the background cosmology, and the "Trans-Planckian" problem, namely the fact that the fluctuations emerge from sub-Planckian wavelengths and hence from a zone of ignorance about the fundamental physics [3, 5] . One should thus be open-minded towards alternative scenarios which may, in principle, be able to explain the data while avoiding the shortcomings associated with inflationary cosmology.
Bouncing cosmologies can solve the horizon problem of the SBB cosmology. In bouncing cosmologies, each period of expansion is preceded by a period of contraction during which the co-moving Hubble radius is decreasing while the horizon continues to increase. Hence, in a bouncing universe the horizon can easily be made to be larger than the past light cone at the time of last scattering, the region over which the universe is seen to be homogeneous and isotropic. The entropy or size problem of SBB cosmology also disappears in the context of a bouncing cosmology: if the universe begins large in a phase of contraction, there is no reason why the initial entropy should be small. The flatness problem of SBB cosmology, however, persists (see e.g. [6] ).
A key question which determines the viability of any cosmological model with a bounce concerns the spectrum of cosmological perturbations. It is an extremely non-trivial challenge to find a scenario which is consistent with the current data. There are two issues involved.
First, one must find a mechanism for producing an almost scale-invariant spectrum, and secondly, one must be able to evolve the spectrum through the bounce region. lar the Pre-Big-Bang [7] and the Ekpyrotic [8] scenarios. Both, however, involve a singularity at the bounce point which prevents a consistent computation of the spectrum of fluctuations. (In a new version of the Ekpyrotic scenario, the singularity can be smoothed out by invoking ghost condensation [9] .) There have been attempts to construct non-singular bouncing cosmologies, making use of the interplay of curvature and matter with wrong sign kinetic terms [10] , quintom matter [11] , k-essence [12] and higher derivative gravity actions [13, 14] . An elegant way of obtaining a non-singular bouncing cosmology is by means of "mirage cosmology" [15] .
In this paper, we study the evolution of fluctuations through a non-singular bounce in the context of mirage cosmology. We focus mainly on two questions. First, does the spectral index of the cosmological fluctuations change when passing through this bounce? Secondly, does a scale-invariant spectrum emerge if we set up the fluctuations in a vacuum state early in the period of contraction. The answer to the second question is "no". Concerning the first question, we find that the spectrum goes through the bounce without change in the spectral index. This result is very interesting. In work on Pre-Big-Bang and Ekpyrotic cosmology where the contracting phase and the expanding phases were each described by dilaton or Einstein gravity and connected at the singularity by matching conditions [16, 17] analogous to the Israel matching conditions [18] , it was found [19, 20] that the spectral index changes: the dominant mode of the metric fluctuations in the contracting phase couples only to the decaying mode in the expanding phase. However, the applicability of these matching conditions has been challenged [21] and concrete studies [12, 22, 23] have shown that it is possible that the spectral index does not change if the bounce is smooth (although other studies give differing results [13, 24] ). Mirage cosmology provides a simple setting to study the issue of the transfer of cosmological perturbations through a bounce in a clean way.
II. THE BOUNCING BACKGROUND
In "mirage cosmology" [15] our universe is a probe D3-brane moving in extra dimensions.
Due to the motion of the brane in the extra dimensions, the induced metric on the brane becomes time-dependent. For an observer confined to the brane this results in a cosmological expansion or contraction. In the probe brane limit, we neglect the back-reaction of the moving brane on the background. This is a good approximation when a single brane is moving in the background of a large stack of branes or in the background created by a large number of flux quanta.
The bouncing brane in a throat has been studied in [25] , [26] , [27] and [28] . The throat was taken to be the warped deformed conifold of the Klebanov-Strassler (KS) solution [29] , where the infra-read (IR) region of the geometry is smoothly cut off. The ultra-violet (UV) region of the throat is smoothly glued to the bulk of the Calabi-Yau (CY) manifold. The brane sets off from the UV region, moving towards the IR region. For an observer on the brane this corresponds to a contracting phase. At the tip of the throat, where the warp factor is stationary, the induced scale factor becomes stationary. This results in a bounce point. Finally, the brane bounces back to the UV region which corresponds to an expanding period. In order for the scenario to work, then one has to find a way to consistently connect this period to a late time Big Bang cosmology.
One novel feature of this bouncing solution is that it is singularity-free. This is a manifestation of the fact that the IR region is smoothly cut off. Furthermore, in [26] and [27] it is shown that a cyclic cosmology can be achieved by turning on internal angular momenta.
With angular momenta turned on, the brane motion is confined between IR and UV region of the throat which results in a cyclic solution.
The metric of the background is given by
Here, G M N is the background metric, h(r) is the warp factor, r is the radial direction of the throat and ds In general, when the brane is moving non-uniformly, one cannot use the static gauge and {ξ a } = {x µ }. However, the fluctuations along the spatial coordinates of the branes, ξ i , are not physical and we can choose x i = ξ i for i = 1, 2, 3. The time coordinate on the brane is defined by ξ 0 = t. In the homogeneous limit when the brane is moving uniformly and no perturbations are present on the brane world-volume, we can set X 0 = t.
The action of the probe D3-brane is given by
Chern-Simons (CS) term. Also T 3 and µ 3 are the brane tension and charge, respectively, γ ab is the induced metric on the brane, C (4) is the background Ramond-Ramond four-form field and P (C (4) ) represents its pull-back onto the world volume M of the D3-brane. In the following, we consider the motion of a BPS brane and set µ 3 = T 3 .
The position of the brane in the extra dimension is parameterized by
For a background space-time metric G M N given in Eq. (1), we have
For the KS background [29] , the radial part of the metric and the form of the warp factor is given by (for a detailed review of this background see [30] )
where
In these expressions, g s is the string coupling, M is the quantum number of the RR-fluxes turned on inside the S 3 at the bottom of the throat, and 2/3 measures the size of this S 3 in the units of α . The warp factor h(r) has a maximum at the bottom of throat r = 0 and falls-off exponentially at large r. The function g(r) has a minimum at r = 0 and increases like r 1/2 for large r. The fact that h(r) and g(r) are non-singular and their first derivatives vanish at r = 0 is crucial to obtain the bounce solution. In this background, the RR four-form field is given by
At the homogeneous level the brane moves along the radial directions without any perturbation, and, using Eqs. (4) and (7), we obtain
where the relation X 0 = t was used.
Here and in what follows, an over-dot corresponds to a derivative with respect to t, the time measured by the observer on the brane.
Integrating the radial Euler-Lagrange equation which follows from this action, one can construct a constant of integration
This yields the following first order equation of motion for the position of brane r = R(t)
It is easy to see that E > 0 and V ef f is always negative. Thus, the brane can move in the entire region 0 < r < ∞. On the other hand, to get a finite value for Newton constant (finite M P ), the KS throat should be glued smoothly to the bulk of the CY manifold at r = r c . This implies that the brane would be moving in the region 0 < r < r c . We restrict our analysis to the throat region of the KS construction.
An observer confined to the D3-brane feels cosmological expansion or contractions, depending on the direction of the brane's motion. For this observer, the four-dimensional metric is given by
where x denote the three spatial coordinates and the proper time is defined by
and the scale factor is given by a(τ ) = h (R(t)) −1/4 .
The corresponding Friedmann equation is
is the Hubble constant and represents the derivative with respect to r. Fig. 1 shows how the scale factor behaves as a function of τ and h as a function of r (in h(r) the prefactor has been set to 1). When the brane moves from the UV region to the IR region of the geometry, the observer sees a cosmic contraction. At r = 0, h = 0, so H = 0. This corresponds to a bounce point [25] . Afterwards, the brane bounces back towards the UV region and the observer sees a cosmic expansion. The expansion rate H in the expanding phase is the mirror image of the expansion rate in the contracting phase.
Using the asymptotic forms of the functions I(r) and K(r) given in Appendix B, one can see that immediately after the bounce, H enters a period of acceleration, followed by a period of deceleration.
To perform the mode analysis in the following sections, it is very helpful to go to conformal time η, wherea 2 dη 2 = dτ 2 . Using Eq. (10), we obtain
III. FLUCTUATIONS OF THE BRANE POSITION
In this section we study the fluctuation of the brane's position while it is moving inside the throat. We are particularly interested in the evolution of these perturbations measured by the observer confined to the brane. Our study is a generalization of what was previously studied in [31] .
In general, the displacements of the brane can be decomposed into longitudinal and normal components. However, the longitudinal perturbations (which are along the tangential directions of the brane) are not physical and can be gauged away. Suppose n µ is the spacelike unit normal vector to the brane. Then the normal displacements of the brane are given by
Here, Φ is the scalar field corresponding to the normal displacement andX M represents the brane position at the homogeneous background, i.e. the zeroth order brane position. It is important to note that just considering perturbation along the r direction is not consistent, at least when the probe brane is moving fast. As is clear from (19) , the time-like component of the normal vector to the brane becomes important as the probe brane enters into the fast-moving regime(see Fig. 2 ).
At each point, we can span the 5-D space-time by the normal vector base {e a , n}, where {e a } are the tangent vector spanning the brane world volume. More, specifically
where G( , ) represents the inner product defined by the background metric (1), and γ ab is the induced metric given in Eq. (4). The normal vector n M is defined by
and the following projection relation holds
For the background defined by Eq. (1), the non-zero components of the normal vector, n 0 and n r , are
Using Eqs. (4) and (7), the action of the moving brane to all order in perturbations is The equation of motion for δX M which follows from this action is obtained in Appendix A, and is
Here, K is the trace of the extrinsic curvature of the surface, K = γ ab K ab . The extrinsic curvature is defined by
where D M is the five-dimensional covariant derivative which is compatible with the metric G M N . One can check that at the homogeneous level Eq. (21) reproduces the solution studied in the previous section.
To get the linearized equation of motion, we perturb Eq. (21) about the background (15).
This is equivalent to expanding the action to second order in the perturbations. We relegate the details of the calculations leading to the perturbed equation of motion to Appendix A and here just give the final result
where ∇ 2 is the Laplacian defined by the metric γ ab and the effective mass term is given by
In the above expression, R M N is the background Ricci tensor. For the pure AdS background considered in [31] only the first two terms are present and the other two cancel out.
We now calculate the different contributions to M 2 for our background. From Eq. (21) at the homogeneous level, we find
To calculate the other terms in M 2 , we need to express n 0 , n r ,Ṙ andR as functions of r and E. To do this, we use Eq. (10) which allowsṘ to be calculated. Plugging the value oḟ R obtained this way into Eq. (19) , one can show that
Using these expressions for n 0 and n r , then for the last term in M 2 we obtain
For the term K ab K ab , we have
To go from the second to the third line, the orthogonality condition in Eq. (17) and the projection relation Eq. (18) have been used.
Finally, for the contribution from the Ricci tensor, we get
Plugging Eqs. (29), (28), (27) and (25) into the expression (24) for M 2 we obtain
The differential equation (23) contains a Hubble friction term for Φ. As done in the usual theory of cosmological perturbations (see [32] for an in depth review and [33] for a pedagogical overview), we can extract the effects of the Hubble damping by the field
where for convenience we use conformal time η. Eq. (23) then becomes
The above equation is analogous in structure to the equation which describes the evolution of cosmological perturbations in cosmology based on the usual four-dimensional Einstein gravity. On scales larger than the Hubble radius, the negative square mass term a ηη /a is larger than the k 2 term coming from the spatial gradients. Thus, whereas on sub-Hubble scales the gradient term wins out and leads to the usual micro-physical oscillations, the oscillations freeze out approximately at Hubble radius crossing, and from then on the modes undergo squeezing. As is familiar from the usual theory of cosmological perturbations, scalar metric fluctuations are squeezed not with the factor a(η) as would be the case if M 2 = 0, but with a modified factor which is usually called z(η) which takes into account that M 2 = 0.
It is important to point out that, as shown in [31] , for the observer on the brane our fluctuation Φ acts as the usual Bardeen potential [34] which is generally denoted by Ψ.
In terms of Ψ, in longitudinal gauge and in the absence of anisotropic stress, the metric including scalar metric fluctuations takes the form
It is helpful to work in Fourier space where
This transforms Eq. (35) into our desired mode equation where the "effective potential" is given by
where in the final line Eq. (14) is used to replace ∂ R/∂ η.
We now make an observation which turns out to be important later on. A closer look at (36) reveals that in the vicinity of r = 0, v ef f is always negative. This is easily inferred by noting that the 2nd and 3rd terms inside the bracket in (36) are both vanishingly small around r = 0 to ensure the smoothness of the supergravity background. At the same time the fact that h is a monotonically decreasing function as a function of r with a zero first derivative at r = 0 guarantees that h /h is negative. So one can conclude that around the bounce point, from the point of view of the brane observer, the effective potential seen by the brane fluctuation is negative.
We try to obtain some analytical insights into the evolution of the mode functions given the effective potential of Eq. (36). Due to the complexity of the KS geometry involving the functions I(r) and K(r), it is not possible to have an analytical solution for the entire range of r. However, in some limits we can perform analytical calculations which can capture qualitatively (and even quantitatively in the slow probe limit) the numerical results.
Let us define h(r) = β I(r) and g = γ I(r) 1/2 K(r) −2 . Notice that Eq. (35) can be rewritten in the following form
in terms of dimensionless variables
The potentialṽ ef f is plotted in Fig. 3 . As a function of the r-coordinate, it has a global minimum at the tip, r = 0, reaches a global maximum around r ∼ 1.9, and falls off as r exp (−2r) for large values of r. In the large r limit, using the asymptotic form of I(r) and
To solve the differential equation ( 
The negative branch corresponds to the case when the brane is falling towards the tip of the throat.η = 0 corresponds to the bounce point when the brane reaches the tip. The positive branch corresponds to the case when the brane bounces back towards the UV region of the throat. It is clear thatṽ ef f is symmetric underη → −η.
The above integral can not be computed for all value of r. However, in the limit of large values of r, when the KS solutions is well-approximated by pure AdS geometry, one can compute the integral analytically. Using the asymptotic forms of I and K, we havẽ 
where F (a, b; c, z) is the hypergeometric function.
In two extreme regimes, Eq. (41) can be inverted. First consider the "slow-roll" limit when the brane is moving slowly and Eβ << 1. This corresponds to the limit when the kinetic energy of the brane is much smaller than the brane rest mass in the DBI action in Eq. (8) . Using the identity
we obtainη
Using Eq. (39) forṽ ef f in the large r limit, the potential reads
where C is an un-important coefficient (the reason will be clear later).
The other limit where Eq. (41) can be inverted is when E β e 4r/3 >> 1. This corresponds to the "fast-roll" limit, when the kinetic energy of the moving brane is comparable to the brane rest-mass. In this limit, using the identity given in Eq. (42) for hypergeometric functions, we obtainη
which in the large r limit leads toṽ ef f 10 9 ln |η|
It is interesting that in the fast-roll case, theη-dependence ofṽ ef f , up to a logarithmic correction, has the same form as in the inflationary cosmology. However, the constant prefactor is different: in the inflationary model the prefactor is 2, while for the fast-roll case, it is 10/9. The constant has its origin in the asymptotic limit of the KS geometry, where it reaches pure AdS space. As is well known in the context of inflationary or Ekpyrotic cosmology, the constant 2 is crucial to obtain a scale-invariant spectrum starting with the Bunch-Davis vacuum initial conditions. This change in the coefficient results in a non-scaleinvariant prediction for the scalar spectral index n s , as we will see explicitly in the next section.
The effective potentialṽ ef f as a function of ρ = (2Eβ) 1/2η is given in Fig. 3 . Suppose the brane starts from the UV region heading towards the IR region of the throat, soη < 0 initially. The modes start in the sub-Hubble region where −kη >> 1 andk 2 −ṽ ef f > 0.
They evolve as sub-horizon mode until "crossing the potential" (i.e.k 2 −ṽ ef f = 0) and then become super-Hubble. They remain super-Hubble until they cross the potential again near r = 0 and become sub-Hubble. The evolution of the modes is sub-Hubble near the tip of the throat until the brane bounces back at r = 0 orη = 0. The mode evolution forη > 0 is the mirror image of what happens forη < 0.
The scalar spectral index can be calculated at an arbitrary point likeη * , as long as the mode is super-Hubble but in the decelerating phase at late times. One may identifyη =η * with the surface of last scattering.
V. SOLVING THE MODE EQUATION ANALYTICALLY
Having obtained the effective potentialṽ ef f in the large r limit of both fast-roll and slowroll cases, we can solve the mode equation and compute the spectrum of fluctuations using analytical approximations. First, recall that the scalar power spectral index n s is given by
Let us start with the fast-roll case which is more amenable to analytic approximation and where the equations are more similar to those appearing in inflationary models. To solve the differential equation (37) analytically, we make a crude approximation here and neglect the logarithmic running in the effective potential (46). We simply replace the logarithm by one. Comparing with the exact result obtained numerically in the next section, we find that this is a reasonable approximation.
We wish to compute the power spectrum of φ k at a late time η * on super-Hubble scales.
Let us denote the time that the mode k crosses the Hubble radius shortly after the bounce by η 2 (k), the time it enters the Hubble radius shortly before the bounce by η 1 (k), and the time it exits the Hubble radius during the initial contracting phase by η 0 (k). Due to the fact that the potential is very negative at the bounce point, in small k limit, the k-dependence of η 2 (k) and η 1 (k) is negligible. It is crucial to note that the negativity of the potential in the vicinity of the bounce point is generic as it was argued in the previous sections. Also, between η 1 (k) and η 2 (k), i.e. in the bounce region, the mode is oscillating and its amplitude does not change. This implies that as long as the potential around the bounce point is negative, the bounce region does not introduce any k-dependence in the transfer matrix.
Hence, the power spectrum of φ k at the late time η * has the same spectral index as the power spectrum at pre-bounce time −η * :
where the amplification factor A is given by
and is, to a first approximation, independent of k. Thus, the spectral shape is determined by the growth of the mode functions between initial Hubble radius crossing at η 0 (k) and the time −η * :
In the fast-roll case, the dominant solution of φ k in the contracting phase is given by
Since η 0 (k) is given byk 2 =ṽ ef f (η 0 (k)) we have
Inserting (51) and (52) into (50) and assuming that the modes start out on sub-Hubble scales during the period of contraction (i.e. for η < η 0 (k)) in the vacuum state with the Bunch-Davis initial condition
we obtain
and thus the spectral index is predicted to be n s = 5/3.
To be slightly more precise, using the large r limit ofṽ ef f form Eq. (46), the solution of (37) is given in terms of Hankel functions of first and second kind
where A 1 and A 2 are two constants of integration. Like in inflationary models, only the Hankel function of first type matches with the initial vacuum condition since
which implies that A 2 = 0. Thus, we obtain the scaling of φ k with η given in (51), and, as shown above, this leads to
Interestingly enough, the spectrum is not scale invariant. As explained before, this is due to the numerical factor 10/9 in Eq. (46) forṽ ef f . This particular number originated from the fact that the UV region of the throat is well-approximated by pure AdS geometry. This indicates that for pure AdS geometry, the spectral index will be n s = 5/3. As explained before, we have neglected the logarithmic correction intoṽ ef f , which originates from the logarithmic correction to the AdS geometry in the KS solution. Considering the logarithmic correction, our numerical analysis (presented in next section) show that n s 2.3.
The case of slow-roll proved to be more involved. Even when we neglect the logarithmic correction forṽ ef f in Eq. (44), we could not solve the differential equation ( 
At the transitionη 0 (k) point whenk 2 −ṽ ef f = 0, this solution should smoothly go over to the solution for the sub-Hubble modes. The transition point is given bỹ
Since we are interested in large scale perturbations, k << 1, soη 0 (k) >> 1 and we can use the small argument approximation for the Bessel and Neumann functions
Using these approximations in Eq. (58), we obtain
where B 1 and B 2 are new constant of integrations related toB 1 andB 2 . Matching this solution to the sub-Hubble solution Eq. (53) atη 0 (k), we find
For large scale perturbations where k → 0, B 1 scales like k −1/2 , while B 2 scales like k 1/2 and from Eq (61) we obtain φ k (η 0 ) ∼ k −1/2 . Using this in Eq (50), one obtains
We have calculated the spectral index numerically and found n s = 3 ± 10 −5 , in agreement with the above analytical value.
Indeed, one can argue that for potentials of the formṽ ef f ∼η −n , with n > 2, the spectral index is always equal to 3. On the other hand, n = 2 is the critical value where the spectral index crucially depends on the numerical coefficient inṽ ef f . For a potential of the form v ef f = cη −2 , one can show that n s = 4 − √ 1 + 4c. For inflationary models in the limit where slow-roll corrections are ignored c = 2 and one obtains n s = 1. In our fast-roll case c = 10/9, which leads to n s = 5 3 , as we have shown before.
VI. NUMERICS
In this section we discuss our numerical results. In order to solve the equation of motion for φ k (37) numerically, we find it more convenient to work with the coordinate r related toη through (40) . In this coordinate, we look for a left moving wave solution initialized at very large values of r which eventually reflects back to the large r region. The equation of motion is initialized with the Bunch-Davis vacuum initial data given in Eq (53). Boundary conditions at the origin of the r-coordinate are easily found to be the impact boundary conditions where φ k in and φ k out refer to the incoming and outgoing waves at the origin, respectively.
The quantity of interest to us is the spectral index defined by (47). As usual, φ k is evaluated at a convenient point in the super-Hubble region. It is worth emphasizing that picking a different point will only amount to a change in the amplitude of the power spectrum and will not alter its k-dependence or the index as long as it lies within the super-Hubble region.
We solve (37) for different values of k and read off the index from the log-log plot of k 3 |φ k |
Incoming Wave
Outgoing Wave to an expanding Einstein cosmology at a singular hypersurface making use of the usual matching conditions of [16, 17] .
Note that in the simulation of Fig. 4 , the initial condition was imposed at r = 10, where the brane is deep in the UV region, well-approximated by the AdS geometry.
VII. BACKREACTION
As discussed in [25] , we need to check that the gravitational instability associated with long wavelength gravitational perturbations does not destabilize the homogeneous back-ground. The length scale associated with this instability is the Jeans length given by
where v s is the speed of sound, G is the Newton's constant and ρ is the energy density on the brane. The time scale associated with this instability is t ins ≥ L J .
For our model, from Eq. (8), we obtain
In the slow-roll limit, one can see that ρ ET 3 is constant.
2 s for our compactification [25] , we have
Suppose one releases the brane from the point r = r * with the initial velocity v * . Since the brane is accelerating towards the tip of the throat, the time for the bounce satisfies
where d * is the physical distance traveled by the brane before reaching the bottom of the throat. One can show that
Discarding factors of order unity, taking v s ∼ 1 and using the fact that 4/3 e 2r * /3 ∼ l 2 s one can show
In the slow-roll limit when Eh(r * ) << 1, one reaches the bound obtained in [25] . We see that this bound gets even weaker for the fast-roll limit, when Eh(r * ) >> 1. As an estimate, one can take r * ∼ (5 − 10), when the brane is deep inside the throat. Also, to trust the supergravity limit, we take g s M >> 1. In this limit it is thus justified to neglect the effect of gravitational instability on the brane.
VIII. DISCUSSION
We have studied the evolution of cosmological fluctuations in a mirage cosmology setup in which the observer lives on a BPS D3-brane which is moving into and out of a KlebanovStrassler throat. This provides a simple model of a non-singular bouncing cosmology.
Our main results are twofold. First, we find that the growing mode of the cosmological fluctuations in the contracting phase couples without suppression to the growing mode in the expanding phase. This is unlike what happens in a setup in which the fluctuations are treated in Einstein gravity in both the expanding and contracting phase, and then matched through a singular hypersurface using the analog of the Israel matching conditions. Negativity of the effective potential felt by the perturbations in the neighborhood of the bounce point appears to be generic in the models of the kind studied in this paper. As we saw, this leads to the fact that the bounce region does not contribute any k-dependence to the spectral index. Secondly, we find that if we set off the modes in their Bunch-Davies vacuum on subHubble scales in the contracting phase, a final spectrum in the expanding phase which is not consistent with observations will emerge. The specific spectral index depends on whether the brane is moving fast or slow. In the latter case, the resulting spectral index is n s = 3, in the former n s is closer to 2 but still completely inconsistent with the data which demands n s = 0.95 ± 0.05.
In this analysis we did not take into account the effects of volume modulus stabilization, such as can be achieved by wrapped D7-branes, on the mobile D3-brane. In a realistic model where all back-reactions are included, the brane feel an attractive force towards the tip of the throat [36, 37] . This changes v ef f and it is interesting to see whether or not these effects can modify the spectral index. It is also possible that mirage cosmology motion in a different type of throat might lead to a spectrum consistent with the cosmological data. It is also possible that a pre-cursor phase which involves extra physics (as assumed e.g. in the Ekpyrotic scenario) leads to a consistent spectrum. Finally, it is possible that, if the bounce phase lasts sufficiently long, thermal fluctuations of a gas of closed strings with winding modes will generate a scale-invariant spectrum [38, 39, 40] .
APPENDIX A: LINEAR EQUATION OF MOTION
Here we present the details of the calculations leading to the linear perturbation equation (23) . Although we perform the analysis for a D3-brane moving in a five dimensional background but the result is applicable to a Dp-brane with co-dimension one, i.e.
where D is the background space-time dimension.
As was briefly described in Section 2, at each point in space-time we can choose the normal vector base {e a , n}, such that
and
The following projection relation also holds:
We are interested in the normal displacements of the brane
Under this transformation, we have
where K ab is the extrinsic curvature of the surface defined in Eq. (22 ) .
The equation of motion for the normal displacement Φ from the action (20) is obtained by For the LHS, we have
To obtain the terms proportional to Φ, the relation (A5) for δγ ab was used. To calculate δK ab , it is very useful to perform the analysis in locally Gaussian normal coordinates (GNC),
where at each point G M N,P = Γ P QS = 0, where Γ P QS is the connection compatible with the metric G M N . Starting with the expression for K ab given in Eq. (A5), in GNC we have
where to obtain the terms proportional to Φ the projection identity Eq. (A3) was used. We now calculate the last two terms in Eq. (A8) separately. To do that we note that
Using this for the third term in Eq. (A8) we obtain
To go from the first line to the second line, the relation n M n M,a = 0 which holds in GNC was used. The final identity in the above equation is easy to prove in GNC following a chain identity for partial derivatives. 
One notes that the term containing B vanishes in GNC while the term containing B ,a vanishes due to relation G(n, e a ) = 0.
After some algebra, and working in GNC, one can show that
Combining all the terms, we obtain
where ∇ 2 is the Laplacian defined by the metric γ ab .
Combining Eqs. (A15), (A11) and (A8) we obtain
We need to get rid of the last term above containing second derivatives of n. To do this, we take derivatives of the identity G(n, n) = 1 in GNC, which leads to
Using the above expression in Eq. (A16), we have
where R M N is the Ricci tensor of the background geometry.
in agreement with [35] .
For the RHS of Eq. (21) we have δ(RHS) = C (4) n r (n r −Ṙ n 0 ) + C (4) (n rṅ 0 − n 0ṅ r ) Φ + C (4) (δn r −Ṙ δn 0 ) Φ . (A20)
Using the formula (A9) for δn, one can show that δn r −Ṙ δn 0 = (G 00 + G rrṘ 2 ) n r 2G 00 g rr (n 0Ṙ − n r )
where to get the final line the relations G(n, n) = 1 and G(n, e a ) = 0 were used.
Combining Eqs. (A21) and (A20) we obtain
Combining Eqs. (A22) and (A19), the desired linear equation of motion from Eq. (21) is 
